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Circular dislocation loops in bimaterials
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Abstract. The solution of the elastic field in bimaterials due to a circular dislocation loop of
arbitrary orientation within one of the materials is presented. The bimaterial is idealized as
two semi-infinite isotropic elastic solids either perfectly bonded together or in frictionless
contact with each other at the planar interface. The solution is obtained simply by integrating
the linear superposition of the solutions for the nuclei of strainin a bimaterial over the surface
of the cut formally used to generate the dislocation. It is shown that existing solutions for the
loop lying in a plane parallel to the interface either inside one of the materials or at the
interface betweenthe two semi-infinite solids are special cases of the present generalsolution.

1. Introduction

The previous studies of a circular dislocation loop for which the elastic fields, energy
and Peach-Koehler force can be put into tractable forms are the circular prismatic loop
in an isotropic material (Kroupa 1960, Bullough and Newman 1960); the circular glide
loop in an isotropic material {Keller 1957 (with corrections given by Kroupa (1962)),
Marcinkowski and Sree Harsha 1968), the effects of free surfaces on the circular loop
(Chou 1963, Bastecka 1964), the circular prismatic loop lying in a plane parallel to the
interface in a bimaterial (Salamon and Dundurs 1971, Dundurs and Salamon 1972), the
circular glide loop lying in a plane parallel to the interface in a bimaterial (Salamon and
Dundurs 1971, 1977), the circular prismatic loop lying in the interface in a bimaterial
(Salamon and Comninou 1979), and the circular glide loop lying in the interface in a
bimaterial (Salamon 1981). All these solutions are for the dislocation loop lying on a
plane parallel either to the interface of the bimaterial or to the free surface of the half-
space. No other loop orientation has been presented.

Itisknown that, once the Green function for a point force in an elasticbody is known,
the fields induced in the body by a dislocation can be constructed by integration (Mura
1968). The elastic solution for a force applied at a point in a semi-infinite solid bounded
by a plane was given by Mindlin (1936, 1953). The solutions for various nuclei of strain
were given by Mindlin and Cheng (1950). The elastic solutions for a point force in joined
semi-infinite solids of different elastic properties were presented by Rongved (1955) for
the case of perfectly bonded semi-infinite solids, and by Dundurs and Hetenyi (1965)
for the case when the joined semi-infinite solids are in frictionless contact with each
other. The elastic solutions for various nuclei of strain in two dissimilar media which are
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expressed in terms of Galerkin vectors in a manner analogous to the solutions of Mindlin
and Cheng were given by Yu and Sanday (1991a). There, the complexity for the
expressions for the displacements and stresses is greatly reduced by expressing the
Galerkin vectors in terms of biharmonic and harmonic potential functions.

Tedious calculations are required to pass from the Green function for a point force
to the displacement for the infinitesimal loop which are needed (to be integrated over
the area of the loop) to obtain the elastic solutions for the dislocation loop. Using this
approach and the Green function for the two perfectly bonded half-spaces, Salamon
and Dundurs (1971) successfully obtained the solutions for the prismatic and glide loops.
Recently, Yu and Sanday (1991b) presented a new method for obtaining the elastic
solution of an infinitesimal dislocation loop in a bimaterial. The solutions are obtained
by the linear superposition of the solutions for the nuclei of strain. In the present report,
the same method is used for obtaining the elastic solutions for a circular dislocation loop
with arbitrary orientation in two joined semi-infinite isotropic, elastic solids which are
either perfectly bonded or in frictionless contact with each other at the planar interface.
The solutions are obtained directly from the integration of the superposition of the
Galerkin vectors for the nuclei of strain in the joined semi-infinite solids over the surface
of the cut formally used to generate the dislocation.

2. Method of solution

The bimaterial is idealized as two joined semi-infinite isotropic elastic solids: phase I
(x5 = 0) with elastic constants u and », and phase II (x; < 0) with elastic constants u'
and v, which have a common interface x; = 0. A circular dislocation loop with radius
a is located within phase I with its centre at point (0, 0, ¢). The Burgers vector of the
loop is b = (b, b,, b3), the sign of which is defined by the FS/RH convention, and the
surface of the cut formally used to generate the dislocation loop is 8 = (8, S5, 54). In
the following, the conventional suffix notation will be used, whereby repeated suffixes
indicate summation over the values 1, 2, 3, and suffixes following a comma denote
differentiation with respect to the Cartesian coordinates corresponding to the indicated
suffixes. The elastic field due to the loop is the linear superposition of the field owing to
its nine components b;5;. A component is called a prismatic loop when j = k and a glide
loop when j # %. The boundary conditions at the interface x; = 0 are, for the perfectly
bonded bimaterial.

o} = of] (1)
and, for the phases in frictionless contact,

ub = ull ol = ol ohi=oll=0 (i=1.2) (2)

where u! and o}, are, respectively, the displacements and stresses in phase I, and u!! and
olf are, respectively, the displacements and stresses in phase I1.
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According to Yu and Sanday (1991b), the Galerkin vector f* at point rin phase I due
to an infinitesimal loop at point r’ = (x{, x3,x3) is

Fir, 7'y =Db; dS, (gh + gk — 4vgldy) (3)
and the Galerkin vector f* at point r in phase s

fU(r,r') = Db; dS, (gt + gy — 4vgd 6y) (4)
where

D= u/8n(1-v)

gl and g0 are the Galerkin vectors in phases I and II, respectively, for the centre of
dilatation, and g} and g}} are the Galerkin vectors in phases L and IT, respectively, either
for a double force (whenj = k) or for a double force with moment (whenj # k). Detailed
expressions for the Galerkin vectors for these nuclei of strain can be found in the paper
by Yu and Sanday (1991a}. By integrating equations (3) and (4) over the surface S, of
the cut, the Galerkin vector F! at point rin phase I due to a circular loop is

F'(rur') = Db; | (gl + gl — 4vglo) 45, )
Sk

and the Galerkin vector FU at point r in phase 11 is

FU0)= Db | (el + gl = 028,005, ©)

According to the relationships between Galerkin vectors and displacements (Mindlin
1936), one has

r) = (1/2“)[2(1 - V)F, i Lkr] (7&)
for the point in phase I, and
uf'(r) (1/2.“ )[2(1 - v )Fr g Fy kz] (7b)

for the point in phase II. The stresses are
= [2uv /(1 = 20)]up Sy + plul; + ul)
and
ol =[2p'v' /(1 — 20")]ul 0y + 0 (ull + ufl (8)

for the point in phases I and II, respectively. It should be noted that the sequence of
integration, in equations (5) and (6), and differentiation in equations (7) and (8) may be
interchanged since the integration is done over the coordinate x; and the differentiation
with respect to the coordinate x,.

The solution of the elastic field due to a circular dislocation loop of arbitrary orien-
tation in the bimaterial can then be obtained by using equations (5)—(8) together with
the Galerkin vectors for different nuclei of strain in the bimaterial given by Yu and
Sanday (1991a) (or by integrating the results for an infinitesimal look given by Yu and
Sanday (1991b)). It should be noted that, since the solutions are linear superpositions
of different nuclei of strain, the boundary conditions, equations (1) and (2), and the
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supplementary conditions regarding equilibrium, compatibility, and the vanishing of
the displacement and stress fields at infinity are automatically satisfied.

3. Circular loop

The Galerkin stress vectors for the double forces, the double forces with moment, and
the centre of dilatation in bimaterials given by Yu and Sanday (1991a) are expressed in
terms of the biharmonic potential functions R' and R, the harmonic potential functions
o', g%, ¢' and ¢", and the partial derivatives of these functions. These potential
functions are

R'=|r-r| RU=(r-7| p'=1/R! el =1/R"
o' =log(R' —2) ¢! =log(R" + z,) ®)
where

= (xy,xg, —xi) I, =X3— X} z, = x5 + x5

It has been shown that the integration of the harmonic potentials ¢ and ¢ over a circular
disc 8, can be expressed in terms of the integrals of the Lipschitz—Hankel type involving
products of Bessel functions (Gary 1919), and their properties have been considered in
detail by Eason et af (1955), Salamon and Dundurs (1971) and Salamon and Walter
(1979). With the aid of these integrals, the displacements in the two joined semi-infinite
solids due to the circular dislocation loop can be obtained as foliows.

3.1. Prismatic loop b;S;
Equations (5) and (6) read, respectively,

F' =2Db, f (gl — 2vg1) dS,
53 ( 1 0)
P! =2Dbs | (gh ~20gk)dS,
for the bimaterial. By inserting the Galerkin vectors for the centre of dilatation and the

double force in the x; direction into equation (10), the displacements are found to be,
from equation (7), as follows.

(i) For a perfectly bonded bimaterial,
uf = —[b3/8a(1 = v){(1 = 2v — k830, + 2, ¥ 5 + [1 — 2(1 — »)(uB + p’' 8],
+ (0 — u)Plkdy Y, — x30Y 5 + (1 — 283)kcfly + 200,80 337} (11)
ul' = (ubs/4m){[B — (1 — 283)x'B18%, — 2(B'x5 — Be) P 5}
(ii) For a bimaterial in frictionless contact,
uf = = [by/8m(1 — w)H(1 — 2v — kS3)(H; + %) + 2,04 5 + 2,0Y,,
—2(1=#"Yua[(1—2r ~&83)(OF; — e ) +x3 (05 — et )} (12)
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u' = —(aub; [4m)[(1 — 20" = k' 83)(BY; + ¥ 5) + x3(F 5 + 8 )]
In equations (11) and (12),

k=3—4p K'=3—4p' B=1/(u+ k") B =1/(1" + k'w)
a=1/[(1 - v+ (1 - v)u]
o = j @i dS; = 27alb(0, 1, -1) (=110

Ji(m, p;n) = r T, ()" exp(—t| L)) dt (m, n, p are integers, i =1, If)
° (13)
= (x} + )" /a gl = (x3 ~¢c)/a g = (x5 + ¢)/a.

The functions J,, and J, are Bessel functions of the first kind, and order m and p,
respectively, The functxons J(m, p;, n) are integrals of the Lipschitz—Hankel type. The
usual summation convention does not apply in equations (11) and (12). When ¢ # 0,
equation {11) is the same as that given by Salamon and Dundurs (1971) and Dundurs
and Salamon (1972). When ¢ = 0, equation (11} is the same as that given by Salamon
and Comninou (1979) for the dislocation loop at the interface.

3.2. Prismaticloop b;S;, j=10r2, andc>>a
Equations (5) and (6) read, respectively,
F'=2Db, f (ghe — 2vgl)dSs;
5 (i4)
F" =2Dp, J (glh — 2vg)ds,.
5
By inserting the Galerkin vectors for the centre of dilatation and the double force in the
x;direction into equation (14), the displacements are found to be, from equation (7), as

follows.
(i) For the perfectly bonded bimaterial,

uj = —[b;/8x(1 = )W} ;i = 2[v + 2(1 — »)8;]9;;

+ (p = B — 285k + AP + 22, W L,

= 2vk(1 = 285)0%; — dpx, Oy = 2xzﬁ,“m - A(E'),“,,,

+ 41— 20)85x3 07} — [4(1 — w)(u — p')/(u + 1)1 0,0,

- 2(1 - v)u(xp - &'B)65 0] (15)
uh = —(ub; /AmH[4/ (e + p W5 — Sudl, + (1 — 20" )u — w)B'O; ;]

— (kB + k"B — 4B, — [+ x)B - 2+ k)NF1O]

+2(8 -6 )x3q’; i — (kB — K'ﬁ')auq)},jj}-
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(ii) For the bimateria) in frictionless contact,
ul = —[b;/8r(1 — V)W) + Wi — 2[v + 2(1 ~ »)8,)(8), + )
- 2(1 — v)uaf[(1 — 2v)* + K63,]‘I»'j i x3le i
+ 2v(1 =2 = k83 )0 + 2vxs My — 2(1 — 20)85,x5 9]
19,”1‘,, +2(1 - )(1 — 2v)(63,¢‘,“ﬂ @}_[J,ﬁ)}]] (16)
ull = ~(arub; /4:1'){[(1 = 20)(1 = 2¢') + K'6y]¥) i — 23 ¥
+2p(1 - 20" — k'85)9, + 2vx3l9l_-,,- ~2(1 ~ 2v")dyx;8)
+x38 5 — 2(1 — »)(1 - 2v)65, 0 i 2(1 - 2)(1 - 2000
—2(y — v )x, 0] 4}
In equations (15) and (16),
A=2(1-v)u[(xf - &'B)/ (- u")B — 41— 2v)/(u +u")]

i, —f R dS,=x8 (=10
8 =f @' dS, =2mali(0,1;-1)  (i=L1I)
s}
=j ' ds; = —fa} dx; a7
S‘,
of = | pas = [ o ax,
]
®;=f 2,97 dS; =W + [ @} ds
sn'
op = [ novas, =wi+ [opax
sf
Ji(m, p;n) = f (@', ()" exp( ) (m, n, p are integers, i =1, II)
0
=[x} + (x; — &)} /aforj=1 =[x} + (x5 — )’ Jaforj =
Pt =[x} + (x5 + )} /aforj=1 P =[x} + (x3 + ¢)?]¥/a for; =2

The usual summation convention does not apply in equations (15) and (16).
3.3. Glide loop b;S;, j=1or2
Equations (5) and (6) read, respectively,

> (18)
F"=Db; [ (e} +&Ddss.
S

By inserting the Galerkin vectors for the double forces in the x; and x; directions with
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the moment about the x, axis for / = 1, and the double forces in the x, and x; directions
with the moment about the x, axis for j = 2 into equation (18), the displacements are
found to be, from equation (7), as follows.

(i) For perfectly bonded bimaterial,
uj = _[bj/&"'f(l - »l-2(1 - v)é,-,-ﬂ_i,‘a, -(1- 2”)53;"95\1 + 311913.;‘5
+ (0 — p)B[xSy Y — 2y — (1 — 283)kcdY; — 203008 5]
+2(1 = »){[{n - ,u,’)/(,u + #')](‘5;':"99.3 - 53:'9?.;‘ + (I);l.ji)
- (uf — w'p el (19)
ufl = _(b;‘/4-"f){2H553:‘19§,; — 2uf(u+ #8855 + 53:‘195.;) — 2p(Bc - ﬁ'xs)ﬂla.jf
(1= 285 ~ )/ + ) = (uf = B .
(if) For bimaterial in frictionless contact
“f = [bj/&”f(l - v)]i[2(1 - V)‘Sje(f}g.s = '3'31.3) +(1- 21’)‘535(195,; - ﬂtsl.j)
— 2y + 20 + 2(1 — v pac][l - 2v — 2(1 ~ v)6]8Y;;
+ x305 il 20)
ui = _(CYMb;C/475){[1 ~ 2y =2(1 - 1")53:']‘95.;: + xs‘%.m}-
In equations (19) and (20},

1
P} = f @' dS, = 2ma’ }g—[iﬂ(o, 1; ~2)
S3
(21)
@} =f PU dS, = “Mazf#ln(o, 1; -2)
33

and the functions &}, 9%, J' and /U are as given in equation {13). The unusual summation
convention does not apply in equations (19) and (20). When ¢ # 0, equation (19) is the
same as that given by Salamon and Dundurs (1971, 1977). When ¢ = 0, equation (19) is
the same as that given by Salamon (1981) for the dislocation loop at the interface (note
that, owing to a printing error, in Salamon’s expression for u} the term cos(28) should
read cos 6).

3.4. Glideloop b3S, j=1o0r2,andc>a
Equations (5) and (6) read, respectively,
F'=Db; | (g} +gh)ds;
i (22)
FU = Db, f @l +gl) ds,.
5

By inserting the Galerkin vectors for the double forces in the x; and x; directions with
the moment about the x, axis for j = 1, and the double forces in the x, and x; directions
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with the moment about the x, axis for j = 2 into equation (22), the displacements are
found to be, from equation (7), as follows.

(i) For perfectly bonded bimaterial,
ul = =[by/8a(1 ~ ¥)[IW} 5 — AL — ¥}(8; 0} + 63:9)))
+ - U')B{K(zazx DWW — 2x3 ¥y
+4[1 = v = (1 —20)85]x; % + 2635}
+2(1 = v}{[( — @)/ (u + a0 — 850 + @)
~(up - w2l (23)
ull = —(b3/An)2uBY] 1 — 20/ (e + D685 + 62,8 )
= 2u(8 — B30 i + (1 — 283)[(p — u")/(n + 1)
= (0B — ' BHP; 4}
(ii) For bimaterial in frictionless contact
ul = ~[by/8a(l — v)II¥]m — ¥l — 200 — »)[6, (8} 5 — 81%)
+ 858, — ) — 201 — »ua{(l — 2v — k85) W Ly + x5 ¥y
+2(1 = #3853 — 2(1 — v — (1 - 20)85]8]; — <3900 (24)
ul' = (apb; fAm)[(1 — 20" — k'63)¥) 3 + x3 W] an + 201 — »")83, 8],
+ 200 ~ v’ = )%  — 139 il

In equations (23) and (24), the functions W], 9}, @}, W}', 3 and @] are as given in

equation (17). The usual summation conventlon does not apply in equatlons (23) and
(24).

3.5. Glideloop b;S,0rb;S;andc> a

Equations (5) and (6) read, respectively,

Fl= Dbf (gl +gh) dS,
i (25)
FU=Db [ (g8 +eh)ds,

8y

where j=1o0r 2, b = b, when j = 1 and b = b; when j = 2. By inserting the Galerkin
vectors for the double forces in the x, and x, directions with the moment about the x;
axis into equation (25), the displacements are found to be, from equation (7), as follows.

(i} For perfectly bonded bimaterial,

ul = —[b/8x(1 — )|[¥] 1 — 2(01 — ¥)(6,, %, + 52,'15“' 1)
+ (u = uBI(L = 283)K + AW g + 203 W iy + (1 — 20)8 5038,
— 2300, — A0} — [2(1 =~ v)(p — ")/ (u + ¢')]
b (‘5“'91{'2 + 5211'};1}1) = 2(1 = v)u(xB - K'ﬁ')asaq’ulzﬂ (26)
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ull = —(ub/A)[2/(u + u )2} 12 — (612 + 828 1)
+2(1 - 2v"Yu — p)BO] ] — (kB + K'BIVF]
~[2+x)B - 2+x)10) 1 + 2B — B)x; P i
~(xB - K'ﬁ’)awq’}.:z}-
{(i1) For bimaterial in frictionless contact,
ul=—[b/8x(1 — »)|I¥] 1 + Wl — 2(1 — »)[6, (]2 + #1)
+ (0 + ] - 2(1 — v )ued[(T — 20)? + k85 ¥y — X3 W s
- 2(1 = 20)85x; %y + 2300 + 2(1 — w)(1 - 2»)
X (85D — 0] 27)
ul' = —(apb/ax}[(1 — 2v)(1 — 20) + K'831W] 12 — X3 W] 12
~2(1 = 20")8yx3 8 1 + x50 1y — 2(1 — " )(1 — 20)859] 1,
+2(1 = #)(1 = 2010 15 — 2(r — ¥ )13 D] 15}

In equations (26) and (27) the functions ¥}, 8], @}, ©, ¥/, 97, @' and O are as
given in equation (17). The usual summation convention does not apply in equations
(26} and (27).

4, Summary

A general method which is easy to apply has been presented to determine the elastic
field in a bimaterial due to a circular dislocation loop from the elastic solution for the
nuclei of strain. The bimaterial is idealized as two semi-infinite isotropic elastic solids
which may be either perfectly bonded or in frictionless contact with each other at the
planar interface. The method consists of obtaining the elastic field due to an infinitesimal
dislocation loop by the linear superposition of the Galerkin vectors for the centre of
dilatation, double forces and double forces with a moment. The elastic field for a
circular dislocation loop can then be .obtained by inteprating these results over the
surface of the cut formally used to generate the dislocation and is expressed in terms of
integrals of the Lipschitz—Hankel type. It has been shown that existing solutions for
dislocation loops that are parallel either to the interface of the bimaterial or to the free
surface of the half-space and that are either inside the solid or the interface, which had
previously been obtained through rather tedious and laborious calculations, are special
cases of the present general solution. Moreover, problems that heretofore had been
intractable, such as in the case for the arbitrary oriented dislocation loop presented, can
now be readily solved through the straighforward application of this method.
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